As a generalized uncertainty principle (GUP) leads to the effects of the minimal length of the order of the Planck scale and UV/IR mixing, some significant physical concepts and quantities are modified or corrected correspondingly. On the one hand, we derive the maximally localized states -the physical states displaying the minimal length uncertainty associated with a new GUP proposed in our previous work. On the other hand, in the framework of this new GUP we calculate quantum corrections to the thermodynamic quantities of the Schwardzschild black hole, such as the Hawking temperature, the entropy, and the heat capacity, and give a remnant mass of the black hole at the end of the evaporation process. Moreover, we compare our results with that obtained in the frameworks of several other GUPs. In particular, we observe a significant difference between the situations with and without the consideration of the UV/IR mixing effect in the quantum corrections to the evaporation rate and the decay time. That is, the decay time can greatly be prolonged and even the Hawking radiation can stop in some sense in the former case, which implies that the quantum correction from the UV/IR mixing effect may give rise to a radical rather than a tiny influence to the Hawking radiation.
Introduction
To unify general relativity and quantum mechanics is one of the most difficult tasks because the existing quantum gravity theories are ultraviolet divergent and thus non-renomaliziable. Various candidates of quantum gravity, including string theory [1, 2, 3, 4] , loop quantum gravity [5] , and quantum geometry [6] , have pointed out that it is essential to introduce a fundamental length scale of the order of the Planck length and then the corresponding momentum provides a natural UV cutoff. Furthermore, Gedanken experiments of black holes [7] tend to support the existence of a minimal length. One of the approaches to introduce a fundamental length scale is to modify the Heisenberg uncertainty principle (HUP) and then to give the so-called generalized uncertainty principle (GUP) [8, 9, 10, 11, 12] whose commutation relations between position and momentum operators on a Hilbert space are no longer constants but depend in general on combinations of position and momentum operators. In the HUP framework, the restriction upon the position measurement precision does not exist. On the contrary, in the GUP framework that can be regarded as a phenomenological description of quantum gravity effects, a minimal position measurement precision is predicted with the order of the Planck length ℓ Pl = G /c 3 ∼ 10 −33 cm below which the spacetime cannot be probed effectively [10, 11, 12, 13] . In other words, a finite resolution appears in the spacetime. The idea of GUP has been utilized to modify fundamental physical concepts and analyze the gravity effects on fundamental physical quantities, such as maximally localized states [8, 14] and energy spectra and wavefunctions of some interesting quantum systems [15, 16] , where the physical states displaying the minimal length uncertainty and the quantum corrections to energy spectra and wavefunctions have been calculated.
On the other hand, the recent applications of GUP to the investigation of quantum black holes have attracted much attention and several achievements have been made [17] . For instance, according to Hawking's black hole thermodynamics [18] , a small black hole can radiate continuously and the black hole temperature can rise infinitely during the whole evaporation process until the black hole mass decreases to zero. However, in the framework of GUP the minimal length scale provides a natural restriction that the mass of a black hole cannot be less than the scale of the Planck mass at the end of the evaporation process, and the black hole remnant at the final stage of evaporation has zero entropy, zero heat capacity, and a finite temperature. Moreover, the entropy of a black hole does not strictly obey the area theorem but contains an additional logarithmic correction.
There exist some typical forms of GUP that give rise to modifications of basic concepts in quantum mechanics and to quantum gravity effects on black holes. Here we merely mention two of them that are intimately related to the present paper. One is called the quadratic form [8] (noted by GUP 0 in the following figures, figure captions, and tables for the sake of a concise presentation) in which the commutators of position and momentum operators contain an additional quadratic term of momentum operator. The other is called the exponential form [19] (noted by GUP 1 for the same purpose as GUP 0 ) in which the commutators depend on an exponential function of the square of momentum operator. In fact, the former is just the first order approximation of the Taylor expansion of the latter in the Planck length. Based on the quadratic GUP, the maximally localized states are derived [8] and then developed [14] for a class of quite general GUPs. In the framework of the exponential GUP, the quantum corrections to the thermodynamic quantities of the Schwardzschild black hole are computed and some interesting results related to the black hole evaporation process are obtained, such as the faster evaporation and larger remnant mass than that deduced in the framework of the quadratic GUP.
In the present paper we revisit the maximally localized states and the quantum corrections to the thermodynamic quantities of the Schwardzschild black hole in the framework of our newly proposed GUP [20] , the so-called improved exponential GUP (noted by GUP n for the same purpose as GUP 0 and GUP 1 ). The motivation emerges directly from our recent interpretation that the origin of the cosmological constant problem may arise from the GUP issue. Through choosing a suitable index n introduced in our GUP and considering the UV/IR mixing effect, we can give the cosmological constant that coincides exactly with the experimental value provided by the most recent Planck 2013 results [21] . We are curious about how the maximally localized states are modified and how the thermodynamic quantities of the Schwardzschild black hole are corrected in the framework of our specific GUP. Following the scenario proposed in ref. [14] , we obtain for our GUP the maximally localized states in terms of special functions. On the other hand, besides the expected outcomes that the corrected Hawking temperature, entropy, and heat capacity are distinct from that in the frameworks of other GUPs, our significant consequences lie on the two observations: One is that the evaporation rate is extremely small, in other words, the lifetime of black holes is remarkably prolonged, when the UV/IR mixing effect is particularly considered, and the other observation is that the larger the index n is, the less radiation the Schwardzschild black hole emits, and the extreme situation is that the black hole stops emitting when n goes to infinity.
The paper is arranged as follows. In the next section, we briefly review our improved exponential GUP with a particularly introduced positive integer n, give its minimal length and corresponding momentum, and then derive the maximally localized states. Based on our GUP, we work out in section 3 the corrected Hawking temperature, entropy, and heat capacity of the Schwarzschild black hole, and compare our results with that computed in the frameworks of the Hawking proposal, the quadratic GUP, and the exponential GUP. We then turn to the Hawking evaporation process of the Schwarzschild black hole and calculate the quantum corrections to the evaporation rate and the decay time in section 4, where we focus on the significant difference between the situations without and with the consideration of the UV/IR mixing effect. The maximally localized states and the black hole thermodynamics, in particular, the evaporation rate and the decay time, are analyzed in detail in section 5 for the extreme case n → ∞. Finally, we make a brief conclusion in section 6.
2 The improved exponential GUP and its corresponding maximally localized states
Representation of operators and the minimal length
In ref. [20] we propose our improved exponential GUP as follows,
where α is a dimensionless parameter with the order of unity that describes the strength of gravitational effects, and n is a positive integer. Note that the parameter β introduced in our original form, see ref. [20] , has been set to be α 2 ℓ 2 Pl / 2 in order for us to make a direct comparison with the exponential GUP [19] which is only our special case for n = 1. In the momentum space the position and momentum operators can be represented aŝ
and the symmetric condition [8] ,
gives rise to the following scalar product of wavefunctions and the orthogonality and completeness of eigenstates,
where |p and |p ′ mean momentum eigenstates and ψ(p) ≡ p|ψ stands for a wavefunction in the momentum space. From eq. (1) we get the uncertainty relation,
In light of the properties P 2n ≥ P 2 n and P 2 = P 2 + (∆P ) 2 , we reduce the uncertainty relation to be
For simplicity, we take P = 0. By using the definition of the Lambert W function [22] , we write the saturate uncertainty relation as follows,
where we have set up W (u) ≡ −2n αℓ Pl 2n (∆P ) 2n and u ≡ −2n
2n . The Lambert function remains single-valued when it is restricted to be not less than −1 in the range − 1 e ≤ u ≤ 0. As a result, it is straightforward to give the minimal length from eq. (10),
and its corresponding momentum measurement precision,
which can also be regarded as the critical value to distinguish the sub-and trans-Planckian modes [23] . We make two comments on the minimal length and the critical momentum. The first is that (∆P ) Crit is certainly in the order of the Planck momentum, (∆P ) Crit ∼ P Pl = M Pl c, when (∆X) 0 is in the order of the Planck length, (∆X) 0 ∼ ℓ Pl . The second comment that further demonstrates the minimal length and the critical momentum is that the minimal length never goes to a macroscopic order of magnitude even for a quite great n, like n ∼ 10
123 , see ref. [20] .
That is, the minimal length is always around the Planck length and the critical momentum is always around the Planck momentum for any n, which gives a good property for our improved exponential GUP. At the end of this subsection we solve eq. (10) and give the momentum measurement precision in terms of the position measurement precision for our use in section 3,
Functional analysis of the position operator
The eigenvalue equation for the position operator in the framework of GUP n and in the momentum space is given by
and the wavefunctions, i.e. the position eigenfunctions can be obtained by solving the above equation,
where Γ(x) is the gamma function defined as Γ(x) ≡ ∞ 0 t x−1 e −t dt and E n (x) is the generalized exponential integral function defined as E n (x) ≡ ∞ 1 t −n e −xt dt. Note that this piecewise-defined function is continuous at the point p = 0. The scalar product of wavefunctions can be calculated,
Note that, according to KMM's result [8] , since the existence of the minimal length there are no exact eigenvalues for the position operator and the formal eigenfunctions ψ λ (p) attained by solving the eigenvalue equation are in fact unphysical. For this reason we have to recover information on position by using the maximally localized states which will be analyzed below.
Maximally localized states
In order to recover information on position the maximally localized states are introduced and used to calculate the average values of the position operator instead of the ordinary position eigenvalues. In ref. [8] the maximally localized states are constructed from the squeezed states satisfying
However, it is pointed out [14] that only for a very special GUP, like the quadratic form GUP 0 , can the maximally localized states be obtained in terms of squeezed states. In general, a constrained variational principle should be applied in order to find out maximally localized states. The states are solutions of the following Euler-Lagrange equation in the momentum space [14] ,
where a and b are Lagrange multipliers, the function f (p) depends on the commutator [X,P ] = if (P ), and the other parameters emerge from the following relations,
Note that v(P ) is such an operator that its representing function in the momentum space v(p) diverges and is not integrable, but cannot diverge faster than |p| 3ν with ν > 0 when |p| goes to infinity. However, it is not necessary to determine the concrete form of v(p) as the maximally localized states appear under the condition b = 0. For the details of relevant analysis, see ref. [14] .
Furthermore, according to the proposal in ref. [14] , when |p| → ∞, if z(p) defined as
has finite limits,
one can solve the Euler-Lagrange equation (eq. (18)) for b = 0 and give the maximally localized states as follows,
where
Correspondingly, the minimal spread in position for k = 1 equals
Now we turn to our case in which for the improved exponential GUP, f (p) has the form,
We thus calculate
and the finite parameters α + and α − , respectively,
As a result, we deduce the maximally localized states in the momentum space which can be written as a piecewise-defined function. For p < 0, it can be expressed as
and for p ≥ 0 as
The minimal length that corresponds to the maximally localized states then reads as
In the remaining contexts of this subsection, we give some interesting properties of the maximally localized states.
First of all, we point out that any two maximally localized states with different positions ξ's (see eq. (19)) are no longer mutually orthogonal because of the fuzziness of position space,
Next, we project an arbitrary state |ψ onto one maximally localized state and calculate the probability amplitude for the particle being maximally localized around the position ξ. To this end, we write the transformation of a wavefunction from the momentum space to the quasi-position space,
For instance, the quasi-position wavefunction 1 of the momentum eigenfunction ψp (p) with the eigenvaluep is always a plane wave but has a specific wavelength,
which reveals that the physical states with wavelengths shorter than
are naturally discarded in the process of the generalized Fourier decomposition of the quasi-position wavefunction of physical states. However, we mention that in the ordinary quantum mechanics the position wavefunction describes a physical state and thus no physical states with short wavelengths are discarded in the Fourier decomposition. By using eq. (32), we can calculate the probability amplitude for the particle being maximally localized around the position ξ, which can be read out from the scalar product of quasi-position wavefunctions discussed below. At last, we give the scalar product of quasi-position wavefunctions by first deriving the inverse transformation of eq. (32), (34) and then computing the following integration,
3 Black hole thermodynamics
In this section we calculate the quantum corrections to the Hawking temperature, the entropy, and the heat capacity of the Schwarzschild black hole in the framework of our GUP, and compare our results with that obtained previously in the frameworks of the Hawking proposal, the quadratic GUP, and the exponential GUP.
In the following contexts of the present paper we adopt the units = c = k B = 1. As a result, the Planck length, the Planck mass, the Planck temperature, and the gravitational constant satisfy the relations:
Temperature
The metric of a four-dimensional Schwarzschild black hole can be written as
where M is the black hole mass. The Schwarzschild horizon radius is defined as r h ≡ 2MG. According to the near-horizon geometry, the position measurement precision is of the order of the horizon radius, ∆X ≃ r h . Therefore, we can deduce that the minimal length corresponds to the minimal mass of the Schwarzschild black hole in such a way: (∆X) 0 ≈ 2M 0 G, which gives the minimal mass, sometimes called the black hole remnant (BHR), as follows:
Note that as α is in the order of unity the black hole remnant is of the order of the Planck mass for any n and the minimal value is αM Pl /4 when n goes to infinity. Following the way proposed by Bekenstein [24] and Hawking [18] and using eq. (13), we obtain the corrected temperature which is expressed in terms of the ratio of the minimal mass and the mass of the black hole,
In order to compare the above result with others, we expand it in
It is obvious that the first term of the above result coincides with Hawking's result and the case n = 1 covers the result given in the framework of the exponential GUP [19] . Moreover, we provide the new temperature-mass relation for n ≥ 2 in the framework of our improved exponential GUP [20] . We note that when n goes to infinity, the new temperature-mass relation is extremely close to the Hawking result in the process before the end of evaporation, but quite different from the Hawking's at the end of evaporation in the aspects that the new relation leads to a finite maximal temperature T Pl /(2πα) and a non-vanishing minimal mass αM Pl /4. Using the numerical method, we plot the curves of the Hawking temperature versus the black hole mass in Figures 1 and 2 in which the curves from the Hawking proposal, the quadratic GUP (noted by GUP 0 ), and the exponential GUP (noted by GUP 1 ) are shown together for comparisons. Note that we use the Planck units 2 in all figures and tables of the present paper. Figure 1 shows that the maximal temperature decreases but the remnant mass increases when the parameter α grows. The temperature versus the black hole mass for the case α = 1. Curves are the Hawking result (black) and GUP n results for n = 2 (red), n = 5 (green), and n = 10 (blue), respectively. Figure 2 shows that the maximal temperature increases but the remnant mass decreases when the index n grows. Moreover, the temperature-mass curve of GUP n is close to the Hawking curve when n grows, but the significant difference between the two cases is that the former is bounded by a finite maximal temperature and a non-vanishing minimal mass (BHR) at the final stage of evaporation due to the GUP quantum effects.
In addition, we can obtain the black hole mass as a function of the Hawking temperature through solving eq. (38),
is the maximal temperature the black hole can reach once the black hole mass reduces to the minimal value M 0 . That is, T Max , approximately in the order of ten percent of the Planck temperature for any n, is the temperature of the black hole remnant. Its maximal value is T Pl /(2πα) when n goes to infinity. We note that it is a common property that M 0 is non-vanishing and T Max does not go to infinity in the framework of any GUP, which is different from the Hawking proposal. Incidentally, our result eq. (40) reduces to that of ref. [19] when n = 1.
Entropy
Now we calculate the micro-canonical entropy of the Schwarzschild black hole. It is known [24] that the minimal increase of the area of a black hole when absorbing a classical particle is (∆A) 0 ≈ 8 ℓ 2 , respectively, we give the minimal increase of the black hole area,
Since the minimal increase of the entropy of a black hole is (∆S) 0 = ln 2, we approximately establish the following differential equation as usual,
As a result, considering the minimal horizon area A 0 as the lower limit of the horizon area integration, we give the entropy of the black hole as follows,
It is evident that our result reduces to that of the exponential GUP when n = 1. For n ≥ 2, we shall give a new entropy-area or entropy-mass relation by following a particular treatment in area integration.
n and using the property of the Lambert W function: exp
, we perform the above integration and obtain the entropy as a function of the black hole area,
or the entropy as a function of the black hole mass,
where the Cauchy principal value of the above integral has been chosen and the definition of the upper incomplete gamma function is Γ(s, x) ≡ ∞ x t s−1 e −t dt. Note that the entropy remains real even if the index n is even. As done in the above subsection, by using the numerical method, we plot the curves of the entropy versus the black hole mass in Figures 3 and 4 in which the curves from the Hawking proposal, the quadratic GUP (noted by GUP 0 ), and the exponential GUP (noted by GUP 1 ) are shown together for comparisons. Figure 3 indicates that when α is growing, the entropy of the black hole with a fixed mass is declining and the zero-entropy remnant has an increasing mass at the final stage of evaporation. Figure 4 indicates that when n is growing, the entropy of the black hole with a fixed mass is increasing and the zero-entropy remnant has a declining mass at the final stage of evaporation. Moreover, the entropy-mass curve of GUP n is close to the Hawking curve for a large n, but the former will not overlap the latter because the minimal mass (BHR) M 0 is non-vanishing whose value takes αM Pl /4 for the extreme case n → ∞.
In addition, it may be of some interest to analyze how our entropy-area relation modifies the standard Bekenstein-Hawking entropy formula. To this end, we expand eq. (44) for the cases n ≥ 2 in 1 e (A 0 /A) n up to the third order, We see that the leading order coincides with the Bekenstein-Hawking entropy formula, but the sub-leading order is a power-law correction −
instead of the well-known logarithmic correction, where A 0 is the minimal horizon area related to the black hole remnant that is vanishing in the framework of the Hawking proposal but non-vanishing in the framework of any GUP. We also point out a common property that our correction and the logarithmic correction possess, that is, both are negative. Qualitatively, we can see from Figure 4 that the absolute value of our correction for any case of n ≥ 2 is smaller than that of the logarithmic correction that corresponds to the case n = 1. Further, the larger n is, the smaller the absolute value of our correction goes to. Quantitatively, we can estimate the difference of the two distinct corrections. The absolute value of the correction in the framework of GUP 1 is (iii) For M = 10M Pl and n = 100,
It is evident that the quantitative results coincide with the qualitative analysis. That is to say, in general, the correction of GUP n (n ≥ 2) is smaller than that of GUP 1 (logarithm) for the black holes with various masses and n's; to be specific, the greater the mass is, for a fixed n, the smaller the ratio is, and moreover, the greater n is, for a fixed mass, the smaller the ratio becomes, which means that the deviation of the GUP n correction from the logarithmic correction goes to greater.
Heat capacity
By using eq. (40), we get the heat capacity of the black hole,
which shows that the heat capacity vanishes at the end point of evaporation when M = M 0 , i.e. when M equals the mass of black hole remnant. We describe the variation of the heat capacity with the black hole mass in Figures 5 and 6 . Figure 5 indicates that when α is growing, the heat capacity of the black hole with a fixed mass is increasing (but its absolute value is declining) and the remnant with vanishing heat capacity also has an increasing mass at the end point of evaporation. 
Mass
Heat capacity Figure 6 : The heat capacity versus the black hole mass for the case α = 1. Curves are the Hawking result (black) and GUP n results for n = 2 (red), n = 5 (green), and n = 10 (blue), respectively. Figure 6 indicates that when n is growing, the heat capacity of the black hole with a fixed mass is declining (but its absolute value is increasing) and the remnant with vanishing heat capacity also has a declining mass at the end point of evaporation.
Black hole evaporation
In this section we focus on the evaporation of the Schwarzchild black hole in a variety of GUP frameworks. Supposing that black holes only emit photons, we give the evaporation rate and the decay time without and with the consideration of the UV/IR mixing effect, respectively. We shall see that the UV/IR mixing effect plays a significant role in the novel understanding of the Hawking radiation from the point of view of GUPs. That is, this effect can largely slow down the rate of evaporation and can even make the Hawking radiation stop in an extreme case. As the results cannot be expressed analytically, we thus list them numerically in the following investigations.
Black hole evaporation without the consideration of the UV/IR mixing effect
In this subsection we follow the usual way, see, for instance, ref. [19] where the UV/IR mixing effect is not considered, to investigate the black hole evaporation. We know that the weighted phase space volume e −3α 2n ℓ 2n
Pl P 2n d 3 Xd 3 P, where P = √ P · P, is invariant under time evolution, which is known as the analog of the Liouville theorem in the classical limit [20] . Therefore, the density of states in the momentum space has the form
Pl P 2n d 3 P and the average energy per volume at temperature T reads as
According to the Stefan-Boltzmann law, we give the evaporation rate 3 as follows,
where A is the horizon area. Substituting eq. (48) into eq. (49) and making the momentum integration from zero as the lower limit, we obtain
Pl P 2n P 3 dP e P/T − 1 .
Further considering the temperature as the function of the mass, eq. (38), we then draw the pictures to show the relations between the evaporation rate and the black hole mass in Figures   3 Consider photons radiating out from a black hole via an infinitesimal surface dA whose solid angle is dΩ. The evaporation energy per unit time is equal to
4π cos θdΩdA. So the total evaporation rate can be calculated by integrating the solid angle over the half-sphere and a factor 1/4 emerges, that is,
The factor 1/4 was lost in ref. [19] .
7 and 8. Note that the UV/IR mixing effect is not embedded in eq. (50) because that zero is taken as the lower limit implies that the sub-Planckian modes are not excluded [25, 23, 20] in the contribution to the energy density. Figure 7 shows that for a black hole with a fixed mass the absolute value of the evaporation rate in the framework of any of the three GUPs is greater than that of the Hawking proposal, which means that the radiation process speeds up in the former case. Further, the larger α is, the stronger the speedup of evaporation becomes. Moreover, the parameter α and the remnant mass have a positive correlation. Figure 8 shows that for a black hole with a fixed mass the absolute value of the evaporation rate in the framework of GUP n with small n, like n = 2, 5, is greater than that of the Hawking proposal, which means that the radiation process speeds up in the former case. When n becomes larger, like n = 10, the curve of GUP 10 has two points of intersection with that of the Hawking proposal, which implies that the radiation slows down in the framework of GUP 10 when the black hole mass takes the values of interval corresponding to the two points. Moreover, the index n and the remnant mass have a negative correlation.
The decay time of the evaporation process can be calculated by integrating eq. (50) with respect to the black hole mass from M to M 0 , Note that the evaporation process ends when the black hole mass reaches the minimal mass M 0 . Using the relation between the temperature and the mass, see eq. (38), we compute numerically the decay time as the function of the black hole mass and give the Hawking decay time, the GUP 0 -, GUP 1 -, and GUP n -corrected decay times in the following two tables.
Hawking time, and GUP 0 -and GUP 1 -corrected decay times without the UV/IR mixing effect Table 1 indicates that the decay time 4 is longer for a larger (heavier) black hole in any framework of the Hawking, GUP 0 , and GUP 1 , which is usually reasonable. Due to the speedup of evaporation in the framework of GUP 0 or GUP 1 , the decay time is shorter than that of the Hawking proposal for a fixed mass, but the deviation is small. Moreover, because the speedup of evaporation in the framework of GUP 0 is weaker than that in the framework of GUP 1 , the GUP n -corrected decay time without the UV/IR mixing effect Table 2 : GUP n -corrected decay time with n = 2, 3, · · · , 10, ∞, the black hole mass M = 1, 2, · · · , 5 (in Planck units) and α = 1.
decay time in the former is longer than that in the latter and the difference of decay times between the two GUPs is small for a fixed mass. Table 2 indicates that the decay time is longer for a larger (heavier) black hole in the framework of GUP n for any of n ≥ 2 cases, which is same as the situation appeared in the Hawking proposal, GUP 0 , and GUP 1 . For a fixed mass, for instance, M = 2M Pl , the decay time and the index n have a positive correlation, but the difference of decay times between the two cases with distinct indices is small. In addition, the decay time in the extreme case n → ∞ has the same order of magnitude as that of the case related to a finite (larger than one) index, which will no longer happen when the UV/IR mixing effect is considered (see the next subsection for the details).
Black hole evaporation with the consideration of the UV/IR mixing effect
In this subsection the UV/IR mixing effect is considered in the calculations of the evaporation rate and the decay time. The way to introduce this effect is to exclude [25, 23, 20 ] the subPlanckian modes in the contribution to the energy density. Consequently, the lower limit of the momentum integration in eq. (48) should not be zero but the critical momentum (eq. (12)) that corresponds to the minimal length. So, the evaporation rate of the black hole takes the form,
Again using eq. (38) that describes the Hawking temperature as a function of the black hole mass, we can plot the relations between the evaporation rate and the black hole mass in Figures  9 and 10 , where the UV/IR mixing effect gives rise to a great deviation from the Hawking curve. Figure 9 means that for a black hole with a fixed mass the absolute value of the evaporation rate in the framework of any of the three GUPs is greatly slowed down by the UV/IR mixing effect, and therefore it is much smaller than that of the Hawking proposal, which gives a quite different situation from that where the UV/IR mixing effect is omitted. Moreover, the parameter α and the absolute value of the evaporation rate have a positive correlation, so do α and the remnant mass. Figure 10 means that for a black hole with a fixed mass the absolute value of the evaporation rate in the framework of GUP n with n ≥ 2 is greatly slowed down by the UV/IR mixing effect, and therefore it is much smaller than that of the Hawking proposal, which gives a quite different situation from that where the UV/IR mixing effect is omitted. Moreover, the index n and the absolute value of the evaporation rate have a negative correlation, so do n and the remnant mass.
From eq. (52), together with eq. (38), we can easily obtain the decay time by integrating the black hole mass from M to M 0 , 
Mass
Evaporation rate Figure 10 : The evaporation rate versus the black hole mass for the case α = 1. Curves are the GUP n results for n = 2 (red), n = 5 (green), and n = 10 (blue), respectively, and the Hawking result (black) at the lower right corner.
and give the results numerically in Tables 3 and 4 . We can see that the decay time is largely prolonged in all cases relevant to GUP, which is definitely caused by the UV/IR mixing effect.
Hawking time, and GUP 0 -and GUP 1 -corrected decay times with the UV/IR mixing effect Table 3 : Hawking time, GUP 0 -and GUP 1 -corrected decay times with the black hole mass M = 1, 2, · · · , 5 (in Planck units) and α = 1. Table 3 indicates that the decay time is longer for a larger (heavier) black hole in any framework of the Hawking, GUP 0 , and GUP 1 , which is usually reasonable. Due to a great slowdown of evaporation caused by the UV/IR mixing effect in the framework of GUP 0 or GUP 1 , the decay time is much longer than that of the Hawking proposal for a fixed mass, and the deviation is huge. Moreover, because the slowdown of evaporation in the framework of GUP 0 is stronger than that in the framework of GUP 1 , the decay time in the former is longer than that in the latter and the difference of decay times between the two GUPs is big for a fixed mass. Table 4 indicates that the decay time is longer for a larger (heavier) black hole in the framework of GUP n for any of n ≥ 2 cases, which is same as the situation appeared in the GUP n -corrected decay time with the UV/IR mixing effect Table 4 : GUP n -corrected decay time with n = 2, 3, · · · , 10, ∞, the black hole mass M = 1, 2, · · · , 5 (in Planck units) and α = 1.
Hawking proposal, GUP 0 , and GUP 1 . For a fixed mass, for instance, M = 2M Pl , the decay time and the index n have a positive correlation, and the difference of decay times between the two cases with distinct but finite indices is big. In particular, the decay time in the extreme case n → ∞ goes to infinity for all sizes of black holes with M = 1, 2, · · · , 5, which is caused by the UV/IR mixing effect and implies that the black hole stops radiation (see the next section for the detailed discussions).
5 Discussions of the extreme case n → ∞
Representation and maximally localized states
When n → ∞, our improved exponential GUP and the representations of position and momentum operators (see eqs. (1)- (3)) have a physical interpretation only if the momentum is in the interval,
In other words, the quantum states in the framework of GUP ∞ are restricted to a well in the momentum space. We notice that this momentum interval is of the order of the Planck momentum. In this limit, GUP ∞ reduces in formal to the normal form,
and so do the representations of the position and momentum operators,
P ψ(p) = p ψ(p).
In addition, the scalar product of wavefunctions and the orthogonality and completeness of eigenstates take the following forms, φ|ψ = αℓ Pl − αℓ Pl dp φ * (p) ψ(p),
=
αℓ Pl − αℓ Pl dp |p p|.
Note that the above formulae (eqs. (55)- (60)) are only valid in the momentum interval eq. (54) although they look like their counterparts in the ordinary quantum mechanics.
In this extreme case, we can see from eq. (26) that z(p) is a linear function of momentum,
and therefore obtain from eq. (22) 
and from eqs. (24) and (27) the minimal length,
Moreover, we list some properties of the maximally localized states in the extreme case n → ∞. At first, eq. (31) reduces to
which shows that the maximal localization states still remain non-orthogonal. Then, the transformation of a wavefunction from the momentum space into the quasi-position space, eq. (32), is simplified to be ψ(ξ) ≡ Ψ ξ |ψ = αℓ Pl αℓ Pl − αℓ Pl dp exp iξp cos παℓ Pl 2 p ψ(p),
and correspondingly the inverse transformation of eq. (32), i.e. eq. (34) reads as
The last property listed here is the simplified form of the scalar product of quasi-position wavefunctions eq. (35) in the limit n → ∞, φ|ψ = αℓ Pl − αℓ Pl dp φ * (p) ψ(p) = 1 4π 2 αℓ Pl
We emphasize that the novelty of the present paper lies on three aspects. The first is that the entropy contains a power-law instead of logarithmic correction in the GUP n framework, see eq. (46). The second aspect is that the evaporation rate and the decay time are computed with the consideration of the UV/IR mixing effect and that the two quantities greatly deviate from that obtained without introducing such an effect, see Tables 1-4 for the details. For instance, in the case M = 5M Pl and n = 10 we compare the decay times in Table 2 without the UV/IR mixing effect and in Table 4 with such an effect and see that the former is 40 orders of magnitude smaller than the latter. This means that the UV/IR mixing effect largely prolongs the radiation process of black holes. Moreover, in this case (M = 5M Pl and n = 10) the decay time in Table 4 with the UV/IR mixing effect is in the order of 10 2 seconds, which gives a quite available value if it is possible to be measured in future. The last aspect of our novelty is the detailed analysis of the maximally localized states and thermodynamics of the Schwardzschild black hole in the GUP ∞ framework. We find that in this extreme case the heat capacity of the black hole remnant is no longer vanishing, and in particular the black hole stops emission and remains its original mass forever, which implies that the UV/IR mixing effect produces a radical influence rather than a tiny correction to the black hole radiation.
